New artificial Lagrange points for spacecraft with a tethered anchor are presented in this paper. The positions of conventional artificial Lagrange points generated by solar radiation pressure are restricted depending on the sail lightness number. Using a tethered anchor, that restriction can be relaxed. Around the L2 point, the new artificial Lagrange points for spacecraft with a tethered anchor are derived based on the circular restricted three-body problem. The dependence of the position of the new artificial Lagrange point on the parameters such as mass ratio and tether's length is investigated for spacecraft with a tethered anchor. The trajectories of spacecraft with and without tethered anchors are calculated numerically. Results show that the tethered anchor can halve the offset of artificial Lagrange points. The effect of tethered anchor on the shift of artificial Lagrange point increases if a tether is long and the mass ratio 
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Introduction
Orbits around Lagrange points have been studied and widely used for astronomical observation and exploration spacecrafts. In the Lagrange points, the L2 point has particular benefits for the astronomical observation spacecrafts, providing stable thermal conditions and ease of orbit injection. For that reason, the L2 point was selected as the operational location for many astronomical missions such as Planck, Herschel Space Observatory, JWST, and SPICA. 1, 2) The change of the resultant gravitational potential energy caused by the Sun and Earth are gentle around the L2 point. Therefore, the orbit of a spacecraft can be changed using slight applications of force such as solar radiation pressure. Therefore, the generation of artificial Lagrange points and formation flying using solar radiation pressure have been studied. [3] [4] [5] [6] Although greater force is obtainable from solar radiation by wider appendages such as solar sails, the force caused by solar radiation pressure cannot be decreased beyond a lower limit determined by the required minimum area of spacecraft for power generation and by other factors. Consequently, the equilibrium point for all practical spacecraft is not the original L2 point. An offset of the equilibrium point from the original L2 point has a lower limit for all practical spacecraft. Similarly, a lower limit exists for the distance of formation-flying spacecrafts depending on the difference of sail lightness numbers of the spacecrafts. As described in this paper, we show that the lower limit of the offset of the equilibrium point can be relaxed using a tethered anchor system.
2.
Artificial Lagrange Points Created Using Solar Radiation Pressure 3, 4) Based on the circular restricted three body problem. 3, 4) the non-dimensional equation of motion for spacecraft around L2 (Fig. 1) is expressed as shown below.
Therein, p is a solution of the following equations:
To obtain the dimensionless equations above, the distance between the Sun and Earth R and time constant n / 1 are used as standards. 
. For this linearization, we assume that ˆˆ, ,
x y z are sufficiently small to neglect higher orders of these terms. This assumption is also applied in the following sections.
For these analyses, solar radiation pressure, control force, and so on are assumed as external forces ex F . For solar radiation pressure for an perfectly reflecting flat spacecraft, the dimensionless external force can be expressed as
where n denotes the normal vector of spacecraft ( Fig. 2) , and where  is the sail lightness number defined as
. By solving Eqs. (1-3), (5), or (4), (5) simultaneously, equilibrium points are derived as Artificial Lagrange Points (ALP). 3) Although the existence area of ALP spreads widely depending on  and the direction of n , the position is restricted in an area nearer the Sun than L2. , the ALP position is derived as follows.
The spacecraft trajectory is a Lissajous orbit or a Halo orbit around the ALP. Because  has a lower limit for practical spacecraft attributable to the required minimum projected area of spacecraft for power generation and so on, the offset ALP x between ALP and original L2 is unavoidable (Fig. 3 ). Similarly, a lower limit exists for the distance of formation flying spacecrafts depending on the difference of sail lightness numbers of spacecrafts. Therefore, relaxation of the lower limit is attempted using a tethered anchor system, as described in the next section. 
Artificial Lagrange Points for Spacecraft with Tethered Anchor
The tethered anchor concept is portrayed in Fig. 4 . A particle mass anc m is attached to the spacecraft as an anchor with tether (length l ). Because of the internal force i F , the equilibrium point of spacecraft with a tethered anchor can be shifted farther from the Sun compared with the original ALP. For the following sections, we assume that the tether libration is stabilized by some control. The following equilibrium equations of the spacecraft and anchor are derived from Eq. (4).
In those equations, . Similarly with the previous section, solar radiation pressure is regarded as an external force. To simplify the problem, we assume that the tether's mass is negligibly small, its rigidity is sufficiently high, and projected area of anchor is negligibly small ( . This figure shows that the equilibrium point of spacecraft with a tethered anchor can be shifted closer to L2 than the original ALP. For a short tether, the ratio of offset of the new ALP to the original one is almost constant. For example, the blue line is almost parallel with the original black line in Fig. 5 . This is true because adding an anchor which can be regarded as a particle mass corresponds to the increase of apparent σ of the total system. However, for a long tether, the effect of the second term on the right-hand-side of Eq. (8) cannot be negligible. Therefore, the green line and red line are not parallel with the original black line in Fig. 5 . The effect becomes more distinct as the mass ratio 
Trajectory of Spacecraft with a Tethered Anchor around Artificial Lagrange Points
Example trajectories of spacecraft ˆˆ, , Table 1 . Compared with case 1, the apparent σ of the total system of case 2 is double. That of case 3 is 11 times. For case 1, the spacecraft trajectory without a tethered anchor is calculated. It corresponds to the result of the black line in Fig. 5 . In case 2 and case 3, trajectories of spacecraft with a tethered anchor, which respectively correspond to the results of blue and red lines in Fig. 5 , are calculated using internal force ˆi F in Eq. (7). Averaged values of non-dimensional x during a period corresponding to the offset of ALP are -1.67e-5 (case 1), -0.83e-5 (case 2), and -0.09e-5 (case 3). In case 3, the effect of a tethered anchor on the shift of new ALP is more distinct than that of case 2 because the tether length is long and the mass ratio sc anc m m / is large. 
Conclusion
As described herein, spacecraft with a tethered anchor were proposed to generate new artificial Lagrange points. The new artificial Lagrange points for spacecraft with a tethered anchor were derived based on the circular restricted three-body problem. The dependence of the position of the new artificial Lagrange point on parameters such as the mass ratio and tether length was investigated for spacecraft with a tethered anchor. The trajectories of spacecraft with and without a tethered anchor were shown through numerical simulation. Results show that the offset of the artificial Lagrange point can be halved because of the tethered anchor. The effect of tethered anchor on the shift of artificial Lagrange point increases if the tether is long and the mass ratio 
